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Abstra t
This paper des ribes TSAT++, an open platform whi h realizes the lazy SATbased approa h to Satis ability Modulo Theories (SMT). SMT is the problem of
determining satis ability of a propositional ombination of T -literals, where T is a
rst-order theory for whi h a satis ability pro edure for a set of ground atoms is
known. TSAT++ enjoys a modular design in whi h an enumerator and a theoryspe i satis ability he ker ooperate in order to solve SMT. Modularity allows
both di erent enumerators, and satis ability he kers for di erent theories (or ombinations of theories), to be plugged in, as far as they omply to a simple and
well-de ned interfa e. A number of optimization te hniques are also implemented
in TSAT++, whi h are independent of the modules used (and of the orresponding
theory). Some experimental results are presented, showing that TSAT++, instantiated for Separation Logi , is ompetitive with, or faster than, state-of-the-art solvers
for that very logi .
Key words: Boolean Satis ability, Ground De ision Pro edures,
Separation Logi , Hardware Veri ation, Formal Methods

1 Introdu tion
Satis ability Modulo Theories (SMT, see [15℄) is the problem of determining
satis ability of a propositional ombination of T -literals, where T is a simple
rst-order theory of pra ti al interest, su h as, e.g., the theory of arrays, of
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lists, full linear arithmeti (real and integer) and Separation Logi [17℄. By
the term \simple" we mean that the theory must have a known satis ability
pro edure for a onjun tive set of ground atoms. A number of systems and
te hniques for SMT have been re ently presented (e.g., [4,17,8℄), showing that
the problem is of great interest. In fa t, the behavior of omplex in nite-state
systems (e.g., real-time hardware and programs) an be rigorously spe i ed in
SMT, and automated reasoning an be used to solve the related problems. In
other words SMT seems an interesting ompromise between expressivity and
tra tability.
One of the most promising approa hes to SMT is the so- alled lazy SATbased approa h [1,2,8℄. The idea is that of managing the sear h for a model
via an eÆ ient ma hine for Boolean Satis ability (SAT), e.g., the DavisLogemann-Loveland algorithm (see, e.g., the seminal paper [7℄), and delegating rst-order reasoning to an ad-ho satis ability pro edure for the theory
T 2.
As long as this de- oupling is handled smartly, this approa h bene ts from
(i) the possibility of re-using, for the sear h, most of the te hnology and skill
a hieved in years of resear h on SAT;
(ii) the possibility to upgrade the T -satis ability pro edure, improving performan e and/or extending the range of theories ta kled with reasonable
e ort.
As far as we understand, while great attention has so far been devoted to
the theoreti al and pra ti al issues of ombining de ision pro edures for various theories, little or no are has been put in building a pra ti al, open ar hite ture, in whi h SAT reasoners and satis ability pro edures an be smoothly
ombined, while retaining good performan e. (An attempt is represented by
the forth oming [10℄.)
Therefore, in this paper we propose a s hema for realizing the approa h,
whi h modularly ombines an enumerator and a satis ability he ker. These two
modules take are, in turn, of the sear h and the rst-order reasoning required.
Their ombination is realized via C++ abstra t lasses. The system we have
built along these lines, TSAT++, is an open platform for SMT, in whi h any
su h modules an be plugged, as far as they omply with the interfa es de ned
by the lasses.
We also show that a number of optimization te hniques, both borrowed
from the AI and Formal Methods literature and new, an be smoothly implemented in TSAT++, and that they are theory-independent, in that either a
te hnique is implemented by means of the interfa es provided by the abstra t
lasses only, or it is realized entirely within one module; su h te hniques, then,
an be applied to all theories for whi h a suitable T -satis ability module, om2 really, just a satis ability pro edure for a onjun tive set of T -atoms is required here; but
we will keep the term for the sake of simpli ity.
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pliant with the interfa e, is available.
Lastly we show that TSAT++, instantiated for Separation Logi (SL, see
[17℄), performs better than state-of-the-art solvers for SL, both on syntheti
and real-world problems oming from industrial test- ases.
The paper is organized as follows: after some preliminaries (Se tion 2),
we present TSAT++'s ar hite ture (Se tion 3), some of the optimizations
implemented (Se tion 4) and some omparative experimental results (Se tion
5). Lastly, Se tion 6 des ribes on lusions and future work.

2 Ba kground
We assume a basi knowledge of rst-order and propositional logi . Assume
T is a rst-order theory, for whi h a satis ability pro edure for a onjun tive
set of ground atoms is known; then a T -atom is an atomi formula of T ; a
SMT-atom is either a T -atom or a propositional atom, and a SMT-formula is
a Boolean ombination of SMT-atoms and SMT-formulas via standard propositional onne tives su h as :, ^ and _. A SMT-literal is a SMT-atom or its
negation.
A SMT-assignment  (or simply assignment, when it is not ambiguous)
is a mapping from variables in a SMT-formula to values in the appropriate
domain(s), and propositional atoms to the truth values f?; >g.
A SMT-assignment  is extended to map a SMT-formula to f?; >g by
de ning (1)  ( ) = > (with being a T -atom) if and only if , evaluated
under  , is true with respe t to the standard interpretation of the theory
T , and (2)  () = > (with  being a SMT-formula) a ording to the truth
tables of propositional logi . In this respe t, an assignment is also viewed as
a onjun tive set of SMT-literals in the obvious way.
Let  be a SMT-formula. A SMT-assignment  satis es  if and only if
 () = >; in that ase  will be alled a SMT-model of , or simply a model.
 is satis able if and only if there exists a model for it. Here we deal with
the de ision problem for SMT, that is, the problem of determining whether a
SMT-formula is satis able or not.

3 System des ription
A ording to the so- alled lazy SAT-based approa h (see [1,2,8℄), a de ision
pro edure for SMT an be built, whi h enfor es three phases:
(i) Abstra tion.  is rst mapped to a Boolean formula via a bije tive
map  from distin t T -atoms to (fresh) propositional atoms;
(ii) Che k. If is unsatis able the pro edure stops with a negative answer.
Otherwise, a Boolean model  of is determined and the set of T -atoms
 1 () is he ked for T -satis ability; if the he k su eeds, the pro edure
stops with a positive answer; otherwise,
3
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(iii) Re nement. An unsatis able subset of  1 () ( alled from now on reason ) is dete ted and added to ; the pro edure then goes ba k to step ii.
We have implemented the lazy SAT-based approa h to SMT in a system,
alled TSAT++, whose ar hite ture is visible in Figure 1.
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Fig. 1. High-level view of TSAT++.

We now give a brief explanation of the ar hite ture, with respe t to the
aforementioned three phases. An overview of the interfa es among the modules
is then given.
3.1 Fun tional view

The abstra tion phase is qui kly arried out by a parsing / abstra tion module.
As is usually the ase, abstra tion in the lazy approa h basi ally onsists of
repla ing ea h distin t T -atom with a fresh propositional variable.
The he k phase goes on as follows: a main module re eives and  and
initially feeds to an enumerator. This module has the task of enumerating
(Boolean) models of , whi h we will indi ate generi ally by . In ase the
formula is propositionally unsatis able, that is, there are no (more) models to
be enumerated, TSAT++ stops with a negative answer.
Otherwise, the main module evaluates the set of T -atoms  1 () and sends
it o to a satis ability he ker module. This module determines whether the
set is T -satis able or not.
If  1 () is satis able, then TSAT++ exits with a positive answer. (In
ase it is required, it is usually easy then to show a model of .) Otherwise,
a reason, alled  1 ( ) in the Figure, is evaluated and sent ba k to the main
module.  is then sent to the enumerator and a new  is requested. The loop
goes ba k to the he k phase.
4
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3.2 Ar hite tural view
TSAT++ is written in C++ and naturally exploits the me hanism of abstra t
lasses to realize the interfa es to the enumerator and satis ability he ker

modules. An interfa e is de ned by a C++ abstra t lass, and every module
must be a on rete instan e of the related abstra t lass (see, for instan e,
[9℄). Ea h interfa e onsists of methods ea h module an use to intera t with
the system, and data stru tures, whi h must be made ompatible (i.e., models,
sets of T -atoms and so on must be translated from the ommon data stru ture
de ned in TSAT++ to those pertaining to the modules).
Operationally, the ode of the module is separately ompiled into a stati
library, whi h is later on linked to TSAT++. This has two bene ial e e ts:
(a) it ompletely de- ouples TSAT++ from the modules, also at ompilation/shipping level, making the development of the modules independent from
that of the system; and (b) it enables any module whi h an be turned into
an instan e of the related abstra t lass to be plugged into TSAT++ with a
reasonable e ort. In prin iple, in omplete or non-DPLL-based enumerators
an be used (at the pri e of giving up ompleteness, of ourse), as well as
satis ability he kers for di erent theories or ombinations of theories.
The driving idea is that of enabling foreign ode to be seamlessly integrated
into TSAT++, minimizing the e ort required to turn any T -satis ability proedure (su h as, e.g., those present in equational theorem provers) or SAT
ma hines into TSAT++ modules. The problem of how to design the interfa es has been solved so far via a riterion of maximum essentiality; in other
words, the requirements on the modules have been kept minimal.
In detail, the interfa e between TSAT++ and the enumerator de nes the
following servi es:
(i) getAssignment sear hes for, and returns, a model  of ; in ase is
unsatis able, it returns the empty assignment.
(ii) isSatis ed returns whether is urrently satis ed or not.
(iii) augmentFormula onjoins a Boolean formula (in the signature of ) to .
So far we work with SMT formulas in Conjun tive Normal Form, so that
this method really adds a set of Boolean lauses to .
On the other hand, the interfa e between TSAT++ and the sat he ker
de nes the following servi es:
(i) isSatis ed returns whether  1 () is satis able or not.
(ii) dedu eConstraints dedu es new onstraints out of the urrent  1 (). In
prin iple the method an return any set of onstraints whi h an be
dedu ed from  1 (), also in ase it is satis able (this ould happen,
e.g., if early pruning is used, see below); so far, it returns one single
reason out of an unsatis able  1 ().
5

Armando et al.

4 Optimization te hniques
The interfa es me hanism leaves totally unspe i ed not only the inner workings of the modules, but also the quality, with respe t to the theory ta kled,
of the obje ts returned. For instan e, TSAT++ annot possibly in uen e the
way the enumerator sear hes for models. If on one side this limits the ontrol
TSAT++ has over its omponents, on the other it gives the module developer
maximum freedom in hoosing heuristi s and optimizations.
A wide range of su h te hniques an then be realized, whi h are independent of the a tual modules, either be ause they are enfor ed by TSAT++ via
the interfa es or be ause they are embedded inside a single module. A des ription of some of the te hniques a tually implemented in TSAT++ follows;
ea h time we also sket h how the te hnique is implemented.

(Full) IS(2) prepro essing

This te hnique dete ts unsatis able pairs of T -atoms (T -literals in the full
version) and adds them oine to , before the sear h is started, as binary
lauses. IS(2) proved to be quite e e tive at least in a syntheti lass of
problems (see [2℄). Of ourse, the te hnique ould be extended from pairs to
arbitrary tuples of T -atoms (literals).
IS(2) prepro essing is done ompletely oine by repeatedly alling the
satis ability he ker's method isSatis ed, ea h time  1 () being a pair of T atoms (literals).

Augmenting, ba kjumping and learning

In order to omply with the augmentFormula method, the enumerator must
be able to on-the- y augment its formula. As is well-known from the literature
on lazy SAT-based theorem proving, this an either be realized by using an
o -the-shelf SAT solver (see [8℄) or by engineering the DPLL method in order
for it to be more open and exible. The se ond option is better from the point
of view of eÆ ien y, of ourse, but it is usually no trivial task to re-engineer
an o -the-shelf SAT solver this way.
The enumerator must also be able to \forget" lauses whi h have been
added via augmentFormula during the sear h, a ording to some poli y, sin e
their number is potentially exponential | but this is left entirely to the module
itself.
The enumerator should also be able to take maximum advantage from the
onstraints whi h augment its formula on the run; espe ially, it should be able
to ba kjump and learn (these te hniques are well-known in the SAT literature
and are not explained here; the reader an look at [14,6℄).
These optimizations are realized entirely inside the enumerator itself.
6
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Redu tion of



Given , we evaluate a prime impli ant of , that is, a subset   ,
minimal under set in lusion, whi h is still a non- ontradi tory assignment to
; then  1 () is sent to the satis ability he ker in pla e of  1 ().
Another way of e e tively redu ing  onsists of using triggering, that is,
removing any literal in  whi h does not appear in . It an be easily proved
that this does not alter the soundness of the approa h. Triggering has been
introdu ed in [20℄ and is also used in a tool alled MathSAT [4,5℄.
In general, redu tion of  is usually useful: if  1 () is satis able, so
is  1 (); if  1 () is unsatis able and  1 () is satis able, we have anyway
found a model of ; lastly, if  1 () and  1 () are both unsatis able, he king
the satis ability of the latter, rather than of the former, an ause exponentially many fewer satis ability he ks. In fa t, any assignment extending  is
also an abstra t model and ould potentially be generated and then reje ted.
(It must be remarked that this te hnique potentially slows the system down
if used in ombination with early pruning, see below).
Redu tion of  is ompletely devoted to the main module and is transparent
to the modules.
Early pruning

If we relax the requirement that the getAssignment servi e return models
of , but rather let it produ e non- ontradi tory assignments, that is, models
of a subset of , we possibly exploit the obvious fa t that an unsatis able set
of T -literals annot be made satis able by adding more literals.
Feeding su h an assignment to the satis ability he ker might produ e valuable sets of onstraints earlier than if we let the enumerator produ e a model,
therefore potentially saving time. This te hnique is similar (but more powerful
than) what is usually alled early pruning and/or forward he king in the AI
literature (see, e.g., [16,13,19℄).
Early pruning is realized entirely inside the enumerator.
Evaluation of



There is usually a large number of onstraints that the sat he ker an
return. In general one must put great are in sele ting what to get ba k to
the enumerator, be  1 () satis able of not.
Let us on entrate on the latter ase so far; a generally useful strategy
seems that of looking for small reasons; this is motivated by the obvious fa t
that small lauses an usually prune a larger portion of the sear h spa e than
long ones. This is espe ially true if the enumerator maintains a sear h tree, as
is the ase of all DPLL implementations.
In the latter ase a further bene ial strategy an be that of evaluating the
 1 () that is minimal with respe t to the ordering indu ed on T -literals by
7
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the sear h tree | what ould be alled the \shallowest" set. Su h onstraints
might help the enumerator ba kjump as high as possible.
Generalizing a little, note that TSAT++ is not limited to augmenting
with one single lause; therefore, even in the simple ase of dete ting reasons
from an unsatis able set of T -literals, one idea is that of returning a subset of
all reasons.
The evaluation of  is realized entirely inside the satis ability he ker.

5 Experimental results
We have instantiated the ar hite ture des ribed in Se tion 3 for Separation
Logi (SL), a de idable theory ombining Boolean logi with a fragment of
linear arithmeti able to ompa tly apture the behavior of a large lass of
in nite-state systems. Re ently a number of interesting problems of AI (planning, s heduling, temporal reasoning, e.g., in [19,4℄) and Formal Methods
(safety of hardware, bounded model he king of real-time systems, e.g., in
[17℄) have been re ast as de ision problems of SL-formulas. Hen e, the need
of eÆ ient de ision pro edures for this logi .
Currently, the enumerator is a modi ed version of SIMO [11℄, a Cha -like
SAT solver; the satis ability he ker module for SL relies on the Bellman-Ford
algorithm. It is easy for it to return the smallest reason after dete tion of
unsatis ability.
We ompare TSAT++ with the two SL de ision pro edures MathSAT [4℄
and SEP [17℄. The hosen ben hmarks are: (1) the diamonds problems as
de ned in [17℄; and (2) a set of \real-world" problems, representing bounded
model he king for timed automata (see [4℄) and hardware veri ation problems originally generated by UCLID (see [12℄) and appearing in the SMT
library. Experiments were run on a Pentium IV 2.4GHz, with 1GHz of RAM.
We report sear h CPU time in se onds. In the following Tables, TIME means
that the pro ess was stopped after 1000 se onds.
Diamonds.

Given a parameter D, these problems are hara terized by an exponentially
large (2D ) number of Boolean models, some of whi h orrespond to SL-models;
hard instan es with a unique SL-model an be generated. A se ond parameter,
S , is used to make SL models larger, further in reasing the diÆ ulty. Variables
range over the reals.
Table 1 shows omparative results on the diamonds problems. The third
olumn denotes whether the problem has a unique SL-model; the remaining olumns show CPU times for TSAT++ with prime impli ants redu tion
and smallest reason dete tion, SEP with and without onjun tion matrix and
MathSAT. 3 TSAT++ learly performs best, often by orders of magnitude;
3
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Table 1
Diamonds problems.

D

S unique

TSAT++

SEP

50

4

50

SEP (no .m.) MathSAT

N

0

0.03

0.12

0.05

4

Y

0.01

0.84

0.07

TIME

100 5

N

0.01

0.13

1.18

0.61

100 5

Y

0.04

10.20

0.17

TIME

250 5

N

0.08

0.95

52.20

5.4

250 5

Y

0.21

288.30

0.77

TIME

500 5

N

0.29

5.92

742.99

21.22

500 5

Y

1.05

TIME

4.85

TIME

Table 2
Real-world problems.

Instan e ( at.)

TSAT++ SEP (no .m.) MathSAT

abz5-900 (a)

1.9

TIME

0.82

ring2-10 (a)

0.02

0.01

0.01

ring2-100 (a)

2.07

0.18

1.07

post-oÆ e 4/10 (a)

0.51

TIME

1.06

post-oÆ e 4/11 (a)

1.01

TIME

2.13

post-oÆ e 4/12 (a)

0.58

TIME

0.91

LD-ST-neg.3step (b)

0.03

0.42

-

OOO-neg.3step (b)

0.01

0.23

-

instan es with a unique solution are more diÆ ult than non-unique ones, as
expe ted, ex ept for SEP without onjun tion matrix.
Real-world problems.

These problems represent (a) s heduling and bounded model he king for
timed automata, (b) veri ation of hardware models, in luding a load-store
unit and an out-of-order exe ution unit.
Consider Table 2: we ompare TSAT++ (full IS(2) prepro essing, prime
impli ants redu tion and dete tion of the smallest reason for the post-oÆ e
problem and early-pruning plus smallest reason for the others), SEP without
9
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onjun tion matrix and MathSAT, on the biggest problems SEP ould ta kle,
found in either ategory. In ategory (b) variables are restri ted to take integer
values, and MathSAT has been ex luded from the omparison. As one an
see, TSAT++ is ompetitive with, or faster than, its ompetitors uniformly. It
is worth remarking that MathSAT is ustomized for the post-oÆ e problem,
and SEP is ustomized for SL.

6 Con lusions
SMT is an interesting and hallenging problem, mainly thanks to its expressivity; and the SAT-based approa h represents a general solving paradigm for
this problem, at the same time being able to a hieve high performan e. The
essen e of the approa h is the interplay between the sear h, managed by an
enumerator module, and the rst-order reasoning, delegated to a spe ialized
satis ability pro edure. Mu h resear h has re ently been done along these
lines, see, e.g., the results a hieved by su h systems as Tsat [2℄, CVC [18℄,
ICS [8℄, MathSAT [4℄ and UCLID [12℄ (SEP was a tually born as a ba k-end
to UCLID).
We think openness and modularity are ru ial here in order to gain in
terms of exibility, upgradability and extendability. This is why we have built
the system TSAT++, in whi h the two fa ets of the lazy SAT-based approa h
to SMT are embedded in two dedi ated modules, managed thanks to simple,
well-de ned C++ abstra t lasses. An open question, of ourse, is how open
the system an be kept without loosing performan e.
In this paper, in parti ular, we have des ribed the ar hite ture of the
system, giving an overview of some optimization te hniques we have implemented. These te hniques are theory-independent, in that they are either
realized by using the servi es provided by the interfa es, or they are on ned
to the modules.
Lastly, we have shown some experimental results in whi h TSAT++, instantiated for Separation Logi , is ompetitive with or faster than spe ialized
solvers for that logi ; this is at least an initial indi ation that keeping a system modular does not ne essarily degrade its performan e. More experimental
results obtained by TSAT++ an be seen in [3℄; moreover, up-to-date information about the system, the ben hmarks used, and an exe utable of TSAT++
an be found at http://www.mrg.dist.unige.it/Tsat . We plan to make
the sour e ode available to the ommunity in a reasonable time, therefore
enlarging the spe trum of possible appli ations.
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